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Abstract 

In this paper we are concerned with the solutions of the differential equation /'"+ 
f f" + g(f') = on [0, do), satisfying the boundary conditions /(0) = a, /'(0) = > 
0, /'(do) = A, and where g is some given continuous function. This general boundary 
value problem includes the Falkner-Skan case, and can be applied, for example, to 
free or mixed convection in porous medium, or flow adjacent to stretching walls 
in the context of boundary layer approximation. Under some assumptions on the 
function g, we prove existence and uniqueness of a concave or a convex solution. We 
also give some results about nonexistence and asymptotic behaviour of the solution. 

AMS 2000 Subject Classification: 34B15; 34C1; 76D10. 

Key words and phrases: Boundary layer, similarity solution, third order nonlinear differen- 
tial equation, boundary value problem, Falkner-Skan, free convection, mixed convection. 

1 Introduction 

We consider the following third order non-linear autonomous differential equation 

f" + ff" + g(f)=o (i) 

with the boundary conditions 

/(0) = a, (2) 

/'(0) = P, (3) 

/'(oo) = A (4) 

where a E R, /3 e R+, A G R and /'(oo) := lim /'(£). We also assume that the given 
function g is locally Lipschitz on some interval J containing (3 and A. 
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In the litterature, problem CQ)-(@J) with suitable g and A arises in many fields of appli- 
cation such as free or mixed convection in a fluid saturated porous medium near a semi 
or double infinite wall in the framework of boundary layer approximation, high frequency 
excitation of liquid metal, stretching walls,... 

The problems of free convection, stretching walls and high frequency excitation of 
liquid metal corresponds to the function g given by g(x) = -^i{—x)x and to A = 0. 
There are many papers in connection with those such as 0, [H], [I], [IS], [IE], [H], [HI], 
ED], [25] - [2H], [HI], [22], [33] - [SI] for the physical point of view or numerical computations, 
0, P, P, [in], [12] . [E], [22], [22] for the mathematical analysis and [TT] for a survey. 

The Falkner-Skan equation, arising in the study of two dimensional flow of a slightly 
viscous incompressible fluid past a wedge of angle irm under the assumptions of boundary- 
layer theory, is obtained for g(x) = m(l — x)(l + x) and A = 1. This famous equation has 
been widely studied, see for example [THj, [H], [2H], [2Z], [2H] and the references therein 
for a survey, and [HD], [HZ], [SB], [HE] for more recent investigations. 

The mixed convection case corresponds to g(x) = — anc ^ A = 1. This 

problems appears recently in pQ and jHS]- Some first theoretical results about this equation 
can be found in ^3] and |24j . 

The Blasius problem, corresponding to g = 0, is a particular case of all the previous 
situations and the first historic case in which an equation of the form appears. This 
well known problem, that arises in [H] at the begining of the previous century, has been 
studied in a lot of papers. For more details, we refer to [3] , ^H] and [2E] and the references 
therein. 

Finally, let us notice that a first generalization of some of the previous equations can be 
found in [36J. The author considers problem CE}-® with a>0, \ >f3>0 and functions 
g such that g(x) = g(x 2 ) where g is assumed to be positive and monotone decreasing on 
[/?, A) and g(A 2 ) = 0. Under these hypotheses, he proves that there exists one and only 
one convex solution of this problem. 

Remark 1 Let a > 0, and consider the differential equation u'" + auu" + h(u') = where 
h is some given function h. By setting u(t) = -^=f(^/at) then the equation in u reduces 

to /"' + //" + g(f) = with g(x) = \h{x) . 



2 Preliminary results 

First of all, let us remark that if / satisfies equation on some interval / and if we 
denote by F any anti-derivative of / on J, then we have 

(f"e F )' = -g(f')e F . (5) 

This, in particular implies that the concavity of / is related to the changes of sign of g. 
We will need some Lemmas concerning the solutions of (£[]). 

Lemma 1 If g(fi) = and if f is a solution of on some interval I such that there 
exists a point to E I verifying f"(t ) = and f'(to) = [i, then f"{t) = for every t G I . 
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Proof. Let / be a solution of (JTJ) on I such that f"(t ) = and f'(t ) = \i for some t G /. 
Since the function r(t) = ji{t — t ) + f(t ) is a solution of (JTJ) such that r(t ) = f(t ), 
r'{t ) = /'(to) and r"{t ) = /"(*„), we get r = / and /" = 0. ■ 

Lemma 2 Let f be a solution of (0) on some interval [t , oo), such that f'(t) — > I G K. 
as t — > oo. // moreover f is of constant sign at infinity, then, we have 

lim f"{t) = 0. 

t—KX) 

Proof. First of all, let us remark that since f'(t) has a finite limit as t — ► oo, then 

liminf /"(t) 2 = 0. (6) 

Multiplying (JTJ) by /" and integrating on [t ,t], we get 

\f\tf - \f" (t ) 2 + jf /( S )/"(3) 2 rf, + G(f(t)) - G(f(to)) = 0, (7) 

where we denoted by G any anti-derivative of g. As / is of constant sign at infinity, it 
follows that the integral in (JZj), and thus f"(t) 2 too, have limits as t — > oo. From (JBJ) we 
get the result. ■ 

Remark 2 If I ^ we have f (t) ~ U as t —>■ oo and f is of constant sign at infinity. If 
I = and if f is either concave or convex at infinity, then again f is of constant sign at 
infinity. From (0) it is the case, for example, if g is of constant sign in a neighbourhood 

of a. 

The following Lemma shows that to expect a solution of (|T|-P|, we must assume that 
the function g vanishes at the point A. 

Lemma 3 Let f be a solution of (0) on some interval [to, oo), such that f'(t) — > I G K. 
as t — > oo. Then g{l) = 0. 

Proof. Let us suppose that 2c = — g(l) > 0. There exists ti > t such that —g(f'(t)) > c 
for t > ti and from (jSJ) we have 

(f"e F )' > ce F 

on [t±, oo). This means that /" cannot vanish more than once and thus / is concave or 
convex at infinity. 

• Assume now that / is bounded. Then, it follows from (JTJ and Lemma El that 
f"'(t) — > 2c as t —>■ oo and we have a contradiction. 

• Assume next that / is unbounded. Then \f(t)\ — > oo as t — > oo and thus there 
exists ti > ti such that /'// > on [t 2 , oo). From (JTJ) we get 

fin fi fi 

L j- + ff>dj on [t 2 ,oo). (8) 



Integrating we obtain 



' r " {SmS) ds + lf(tf - \f{t 2 f > c(ln|/(t)| - ln|/(t 2 , 



t2 



f'(t) 2 -L*'f* ^ 
f{s) ' 2 J { ' T 



It follows that 

"/WW 



*2 



(is = oo. (9) 



But, we have 



t f"'(s)f'(s) _ f"jt)f(t) f"jt 2 )f'jt 2 ) 

* m s m f(t 2 ) 

l ns)\ , r t f"{s)f{ s f 



t 2 



m j t2 f(s 



ds + — — ds 



which leads to a contradiction with Q, since the integrals in the right hand side 
have finite limits as t —>■ oo. 

For c < 0, same arguments give also a contradiction. The proof is now complete. 



Remark 3 If I ^ we can have a much simpler proof. Indeed, in this case we have 
f'(t) ~ / and f[t) ~ It as t — > oo. Integrating (0) on [£ , t] we get 

t rt 

1/ „\2, 



fit) - /"(to) - /(f )/'(fo) = -fit) fit) + / f (s) 2 ds - / g(f( 8 ))d8 

J to J to 

= -Z 2 t(l + o(l)) + l 2 til + oil)) - g(l)t(l + o(l)) 
= -g(t)t + o(t) 

which is a contradiction since f"(t) —>■ as t — > oo by Lemma\f& 

Remark 4 Solution, for which first derivative does not have a finite limit, does exist. 
For example 

• For any aGl* and any h £ R the function f defined by 

b 2 - 1 

fit) =at 2 + bt + 



4a 

is a solution of (pj) with gix) = |(1 — x 2 ) and f'(t) — > ±oo as t — > oo iFalkner-Skan 
with m — |). 

If 9i x ) = ~ x<2 + x + 1, i/ien /(£) = sint is a solution of (Q) /or which f does not 
have a limit at infinity. 
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In order to get solutions of (HJ-(HJ) f° r given a G R, (3 G R + and A G R, we will consider 
the initial value problem 

/"' + ff" + 9(f) = 0, 

/(0) = a, ( ) 

f'(0) = 7 

and use a shooting technique on the parameter 7. We will denote by / 7 its solution and 
by [0, T 7 ) its right maximal interval of existence. Integrating (JJJ on [0, t] for < t < T 7 , 
we obtain the useful identity 

m = 1 - mm + a? + f (/» 2 - gtffa))) d S . (11) 

JO 

Remark 5 Looking at (jllj) we see that if we take g(x) = x 2 the integral in the right-hand 
side vanishes. Then, integrating on [0,t] we obtain 

1 a 2 
f'(t) + -f(t) 2 = ( 1 + a(3)t+ Y + (3 

and choosing 7 = —af3 we have that for (3 > —a 2 /2 the function 

fit) = — = — - + d 

J V ' 1 1 a+d r dt 

2d ~ 2ad-2d 2 ^ 

with d = ^Ja 2 + 2/5 is a bounded solution of the problem (£Q)-(@J) for A = 0. 

Remark 6 Let us take a look at the case (3 = A > 0. If g(X) = 0, then the function 
fo(t) = Xt + a is a solution o/P|l-(Ojl. Without additional hypotheses on g, we cannot say 
anythings about uniqueness. However, if we assume, for example, that g(x) < for x > A 
and g(x) > for x < X, then /q is the unique solution o/Q-Q. Indeed, let / 7 be another 
solution of C0)-@ such that 7 > 0. Since / 7 (0) = / 7 (oo) = A, there exists t > such 
that / 7 (t ) > A, f»(t ) = and / 7 "(t Q ) < 0. From (0) we obtain ff(t ) = -g(f(t )) > 
and thus a contradiction. If 7 < 0, the same approach leads again to a contradiction. 

In the following, we will focus first on the concave solutions and next on the convex 
solutions of (HJ-(HJ) with functions g such that g(X) = 0. As seen in Lemma this 
hypothesis is necessary to realize the condition f'(t) —>■ X as t — > 00. In addition, we will 
assume that some condition on the sign of g is satisfied between (3 and A in order to get 
existence and uniqueness of a concave solution (when A < f3) or a convex solution (when 
A > /3) of the problem (P)-©. Such an assumption holds in the physical cases evoked in 
the introduction for the positive values of the parameter m. 

When the proofs in the convex case are close to the ones of the concave case we will 
remove some details in order to shorten them. 
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3 Concave solutions 



Theorem 1 Let aeK and < A < (3. If g(x) < for x G (A, (3] and g{\) = 0, then the 
problem ©-(@J) admits a unique concave solution. 

Proof of existence. Let / 7 be a solution of the initial value problem (fTU|) with A < (3 
and 7 < 0. As long as we have / 7 > A and /'' < 0, / 7 exists. Because of Lemma [TJ there 
are only three possibilities 

(a) /'' becomes positive from a point such that /' > A, 

(b) f takes the value A at some point for which /'' < 0, 

(c) we always have fL> X and /'' < 0. 



As /^(0) = (3 > A, /3) = and #'(0) = -g(ft>(0)) = -g{(3) > we have that ft(t) > A 



and fd(t) > on some interval [0,to)- By continuity it follows that f" becomes positive 
at some point for which f! y >\ for small values of —7 and thus / 7 is of type (a). 

On the other hand, as long as f~(t) < and fL(t) > A, we have / 7 (i) > a, / 7 (t) < (3 
and, using (JTTJ) we obtain 



Hence, for —7 large enough, the equation P 7 (£) = A has two positive roots t < t±, and 
therefore we have / 7 (£o) — A and f~(t) < for t < to, and / 7 is of type (b). 

Defining A = {7 < ; / 7 is of type (a)} and 5 = {7 < ; / 7 is of type (b)} we have 
that A 7^ 0, 5 7^ and A fl 5 = 0. Both A and 5 are open sets, so there exists a 7* < 
such that the solution f lt of (fTUj) is of type (c) and is defined on the whole interval [0, 00). 
For this solution we have that /' > A and f" < which implies that /' — > I £ [X, (3) as 
t — > 00. From Lemma El and the fact that g < on (A, /3] we get I = X. ■ 

Proof of uniqueness. Let / be a concave solution of (HJ-(|1J). As /' is positive and 
strictly decreasing, we can define a function v : (A 2 ,/? 2 ] — > [a, 00) such that 




<-i+\a\(3 + a(3+{(3 2 + C)t 
where C = max{— g(x) ; 16 [A, /?]} > 0. Integrating once again we have 



A < /;(t) < t 2 + (7 + «/5 + lotl^t + /3 := P 7 (t). 



Vt>0, v{f\tf) = f{t). 



Setting y 



fit) 



2 leads to 



fit) = v(y) 



fit) 



2v'(y) 



1 



and f"'(t) 



y"jy)Vy 

2v'{yY ' 



(12) 



Then, usin; 



■g 



(PQ) we obtain 



VyG(A 2 ,/3 2 ] 



«"(y) 



^(z/)^(z/) 2 , Zv'jyYgiVy) 



(13) 
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with 



v ((3 2 ) = v(f(0) 2 ) = a and v'((3 2 ) = — < 0. 

27 



Suppose now that there are two concave solutions fi and f 2 of ®-® with f" (0) = 7, < 
i G {1,2} and 71 > 72. They gives t>i, t>2 solutions of equation (fl~3j) defined on (A 2 ,/? 2 ] 
such that, if io = V\ — v 2 , we have 

w{(3 2 ) = and w\i3 2 ) = — — < 0. 

271 272 

If w' vanishes, there exists an x in (A 2 ,/? 2 ] such that w'(x) = 0, w"(x) < and w(x) > 0. 
But from (jlHj) we then obtain 

w »(x) = ^t w ( x ) > 

'X 



and this is a contradiction. Therefore, w' < and u> > on (A 2 ,/5 2 ]. Set now Vi = ^ for 
i e {1, 2} and = Vi - V 2 to obtain 

But, using (H2I) we have Vi(f-(t) 2 ) = 2f?(t) and thanks to LemmaElwe get W(y) -> as 
y — > A 2 . Since W is decreasing and H^(/3 2 ) = 2(71 — 72) > this is a contradiction. ■ 

Remark 7 If, in addition to the hypotheses of Theorem QJ, the function g is assumed to 
be non increasing, then we can write a much simpler proof for the uniqueness result. For 
that, let fi and f 2 be two concave solutions of (HJ-® and let ji = f"(0) < 0, i G {1,2} 
with 71 > 72. Writing u = f\ — f 2 , we have u'(0) = 0, u'(oo) = and u"(0) > 0. Hence vl 
admits a positive local maximum at some to > such that u'(t) > for t G (0, to]- As u 
is increasing on [0,io] an d M (0) = we have u(to) > 0. Then, from ® and since f[ > X, 
f>' < and f»(jt ) = fZ(jt ) we get 

u'"(t ) = -f!(t )u(t ) + gU'M) - g(f[(t )) > 

because /{(to) > f 2 {to) > A and a contradiction with the fact that u"'(to) < 0. 

The following Proposition gives some informations about the behaviour at infinity of 
the concave solution of the problem ®-® obtained in Theorem 

Proposition 1 Let a G R and < A < (3. Let us assume that g < on (A, f3] and 
g(X) = 0, and let f be the concave solution of ®-@. Then, there exists a constant \i 
such that a < n < \J a 2 + 2(f3 — A) and 

lim{/(t)-(At + /i)} = 0. (14) 

t — >oo 

Moreover, for all t > 0, one has At + a < fit) < At + fx. 
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Proof. Since / is concave, then for all t > we have f'(t) G (A, 0\ and the function 
t i— > f(t) — Xt is increasing. Hence f(t) — At — > ji G (a, oo] as t — > oo. In addition, we 
have 

Vt > 0, f"{t) = -fit) f"{t) - g{f{t)) > -fit) f"{t) 

and thus 

fit) 

vt>o, J-±L> f (t)>f(t)-xt. 

If we assume that /i = oo, it follows that 

r fit) 

lim ; ; = OO. 



-f"(t) 



Therefore, there exists t > such that f"'(t) > — fit) for t > t . Then integrating twice 
and using Lemma |2] we get 

Vt > t , -f"(t) >-X + f'(t) 

and 

Vt > to, -fit) + f (t ) > -At + At + fit) - /(t ). 

Since the left hand side is bounded, we get a contradiction. Therefore, \i < oo and we 
have 

Vt > 0, At + a < fit) < At + fi. 
Finally, let us introduce the auxiliary nonnegative function 

<t) = fit) + \ifit) - Xt) 2 . 

From (|14J) . we see that u is bounded. Moreover, we have 

u"(t) = -g(f(t)) - Xtf'it) + if it) - A) 2 > 
and u is convex. Therefore u is decreasing and thus 

a 2 u 2 
/3 + _ = u(0)>u(oo) = A + ^-. 

This completes the proof. ■ 

Remark 8 // A = the previous result means that the concave solution of CQ)-® is 
bounded. 

We have the following nonexistence result 
Theorem 2 Let a < and < A < (3. If g is differentiate and if 

Vr G [A, P], gix) > x 2 — Xx and — a + max {gix) — x 2 + Xx} > 0, (15) 

x£{\,f3] 

then the problem ((21)-@ does not admit concave solutions. 
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Proof. We follow an idea of j^Zj- Let < A < f3 and suppose that / is a concave solution 
of (HJ-(HJ). As /' is positive and strictly decreasing, we can define a negative function 
v : (A, /?] -»• R such that 

Vt>0, v(f'(t)) = f"(t). 

Setting y = f'(t) we obtain 

f"(t)=v(y), f"(t) = v(y)v'(y) and /«(f) = v(yfv"(y) + v(y)v'(y) 2 . (16) 
Derivating equation (JTJ leads to 

fW + ff" + ff" + g'(f)f" = 

and as 



/ 



-f" - g(f') 



f" 



we get 



v"{y) 



g(y)\' 



v (y) \ v (y) 

Integrating (|T7jl on [z, zi] with A < 2 < z\ leads to 



t/(*i) - v'{z) 



v(y) v{z-s) v{z) 
Using equation (JTJ and equality (JT5J) becomes 



(17) 



;is) 



_/(*)- t/(*) = - 



v(z) 



with si such that /'(si) = z i- 

Integrating on [A, a;] with A < x < Zi, and since v(X) = f"(oo) = by Lemma El we 

get 



-f(sx)(x - A) - v(x) 



y 



dy J dz + 



g{z) 

v(z) 



dz 



v(y) 



dy 



' rx -z 2 + g(z) 



J A J\ 



—X 



v(y) 



dy + A 



v(z) 



v(z) 
dz + 



dz 



x „2 



z 2 + g(z) 



dz 



and taking x — z\ and z\ — > (3 we derive 



MP) 



Xz — z 2 + g(z) 
v(z) 



dz + a(/3 — A). 



(19) 



Since < 0, the right hand side of (fTHjl must be nonnegative, but this cannot be the 
case if (IT5|l holds. ■ 
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Remark 9 Using the previous Theorem we can recover the following nonexistence result 

• for free convection (i.e. g(x) = — ^p[X 2 and A = 0) there is no concave solutions 
for —\<m< — | when a < 0, and — 1 < m < — | when a = (see [5], jH], an d 

and obtain the new results 

• for the Falkner-Skan case (i.e. g(x) = m(l — x)(l + x) and A = 1) there is no 
concave solutions with a < and (3 > 1 for m < —j^, 

• for mixed convection (i.e. g(x) = — x) and A = 1) there is no concave 
solutions with a < and (3 > 1 for — 1 < m < — |. 

4 Convex solutions 

Theorem 3 Let a eR and < (3 < A. // g(x) > for x E [{3, A) and g(\) = 0, then the 
problem (0)-® admits a unique convex solution. 

Proof of existence. Let / 7 be a solution of the initial value problem (jlO)) with < (3 < A 
and 7 > 0. We notice that f 1 exists as long as we have /'' > and f < A. From Lemma 
/'' cannot vanish at a point where f'—X and it follows that there are only three 
possibilities 

(a) /'' becomes negative from a point such that /' < A, 

(b) /' takes the value A at some point for which /'' > 0, 

(c) we always have (3 < f < A and /'' > 0. 

As f^(0) = (3 < A, fH(0) = and f^'(0) = -g((3) < 0, we have that f is of type (a), and 
by continuity it must be so for / 7 with 7 > small enough. 

On the other hand, as long as f"(t) > and / 7 (t) < A, we have / 7 (t) < \t + a, and 
(ITT1) leads to 

%(t) > 7 - Wf!y(t) +a(3- t g<J^t))d£ 

Jo 

>7-(At+M)A + a/3- / g(f^m 

Jo 

>-f-\a\\ + af3-(\ 2 + C)t 
where C = max{g(x) ; x E [(3, A]} > and integrating once again we have 

A > /;(t) > -^^-t 2 + (7 - HA + a(3)t + {3:= P,(t). 

Hence, for 7 large enough, the equation P 7 (t) = A has two positive roots t < ti, an d 
therefore, for such a 7, we have / 7 (to) — A and f"(t) > for t < t , and / 7 is of type (b). 

Defining A = {7 > ; / 7 is of type (a)} and i? = {7 > ; / 7 is of type (b)} we have 
that A 7^ 0, _B 7^ and A fl 5 = 0. Both A and i? are open sets, so there exists a 7* > 
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such that the solution f lt of (fTUj) is of type (c) and is defined on the whole interval [0, oo). 
For this solution we have that < /' < A and f" > which implies that /' — ► I G (ft, A] 
as t — > oo. From Lemma El and the fact that g > on [ft, A) we get I = A. ■ 

Proof of uniqueness. Let / be a convex solution of (HJ-fJU). As /' and /" are positive, 
we can define a function v : [ft 2 , A 2 ) — > [a, oo) such that 

W>0, v(f(t) 2 )=f(t). 

We have 

VnG[/3 2 ,A 2 ), v"(y) = ^M! + M^M^) (20 ) 

and 

w (/? 2 ) = v(f'(0) 2 ) = a and v'ift 2 ) = — > 0. 

27 

Suppose now that there are two convex solutions f\ and f 2 of (JH)-® with f"(0) = 7i > 0, 
i G {1,2} and 71 > 72. They gives ui, v% solutions of equation (j27I|l defined on [ft 2 ,\ 2 ) 
such that for w = V\ — Vi, we have w(ft 2 ) = and w'(ft 2 ) < 0. If w' vanishes, there 
exists an x in [ft 2 ,X 2 ) such that w'(x) = 0, w"(x) > and w(a;) < 0. But from (|2Uj) we 
then obtain w"(x) < and a contradiction. Therefore w' < and w < on [/3 2 , A 2 ). Set 
now Vi = for i G {1, 2} and W = V\ - V 2 . We have W > and using (j20|) we obtain 

W'(y) > O.'But, W(ft 2 ) = 2(7x - 72) > and W(y) -> as y -> A 2 , this contradict the 
fact that is increasing. ■ 

Proposition 2 Let a G K and < ft < A. Assume that g > on A) and p(A) = 0, 
and let f be the convex solution o/(0)-@. Then, there exists a constant fi > a such that 

lim{/(£) - (At + //)} = 0. 
Moreover, for allt > 0, one /las At + a < /(t) < At + fi. 

Proof. Since / is convex, for all t > we have f'(t) G [ft, A). Then the function 
t 1— > f(i) — At is decreasing and thus f(t) — At — * fi G [—00, oj) as t — > 00. On the other 
hand, we have 

Vt > 0, f"(t) = -f(t)f"(t) - g(f(t)) < -f(t)f"(t) 

and since f(t) — > 00 as t — >• 00, there exists to > such that /'"(t) < —f"(t) for t > to- 
Then integrating twice and using Lemma El we get 

Vt > t , -f"(t) < -A + /'(f) 

and 

Vt > t , -/'(*) + /'(to) < -At + At + f(t) - /(t ). 

Since the left hand side is bounded, we necessarily get fi > —00, and then we have 
At + fi < f(t) <\t + a for all t > 0. ■ 

Let us finish this section with the following nonexistence result. 
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Theorem 4 Let a < and < (3 < A. If g is differentiable and if 

Vx E \3, A], < x 2 — Ax and — a + max {x 2 — Ax — g(x)\ > 0, (21) 

x£[f3,\] 

then the problem does not admit convex solutions 

Proof. Let < (3 < A and suppose that / is a convex solution of ((H)-(j4j). As /' and /" 
are positive, we can define a positive function v : [(3, A) — > R such that 

vt>o, «(/'(*)) = AO- 

Following the method used in the proof of Theorem El we see that this function v satisfies 
flT7jl and 

-„ W= / V-Ay- g fo) ( 

Since f (/3) > 0, the right hand side of (|2*2^) must be nonpositive, but this cannot be the 
case if (j2TJ holds. ■ 

Remark 10 Using the previous Theorem we can recover the following nonexistence result 

• for the Falkner-Skan case (i.e. g(x) = m(l — x)(l + x) and A = 1) there is no convex 
solutions for m < — | (see jSZj), 

and obtain the new result 

• for mixed convection (i.e. g(x) = ^jx(l — x) and A = 1) there is no convex 
solutions for — 1 < m < — |. 

5 Conclusion 

In this paper we have obtained existence, uniqueness and nonexistence results for the 
concave or convex solutions of a general boundary value problem arising in many fields 
of application under some reasonable hypotheses. All these hypotheses are verified in 
important physical cases in the framework of boundary layer approximations such as free 
or mixed convection, flow adjacent to stretching walls, high frequency excitation of liquid 
metal and two dimensional flow of a slightly viscous incompressible fluid past a wedge. 

All our results hold for f3, A and g such that the function g vanishes at A but does not 
vanish between j3 and A. Of course, under the same hypotheses, solutions whose concavity 
changes may exist as it can be seen in jTl] for the case of free convection and in j2Hj for 
the Falkner-Skan problem when the parameter m is positive. 

In addition, if we assume that the sign of g is the opposite of the one that we have in 
the Theorems ^ and El then we can have multiple concave or convex solutions, as it is the 
case for free or mixed convection and for the Falkner-Skan problem when the parameter 
m is negative. See for example [Hj, |2*2*j . [21] and J2HJ - 
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